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In this note, we show that every monotonically (countably) metacompact space is
hereditarily a D-space and every monotonically meta-Lindelöf space is hereditarily dually
σ -closed discrete. As a corollary, we show that if X is a monotonically meta-Lindelöf
(or monotonically (countably) metacompact) monotonically normal space then X is
hereditarily paracompact. In the second part of this note, we show that every scattered
partition of a hereditarily almost thickly covered space is almost thick, and hence a
hereditarily almost thickly covered space is aD and linearly D . This answers a question
of Guo and Junnila. We also show that every monotonically ω-monolithic compact space
is monotonically monolithic. This answers a question of Alas, Tkachuk and Wilson.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
A neighborhood assignment for a space X is a function φ from X to the topology of the space X such that x ∈ φ(x) for
any x ∈ X . A space X is called a D-space if for any neighborhood assignment φ for X there exists a closed discrete subspace
D of X such that X =⋃{φ(d): d ∈ D} [8]. We denote ⋃{φ(d): d ∈ D} by φ(D). Many classes of spaces are known to be D-
spaces [13]. For example, every space with a point-countable base is a D-space [2], and every space with a point-countable
weak base is a D-space [20]. But it is not known whether every regular Lindelöf space is a D-space. It is also not known if
a regular metacompact or even meta-Lindelöf space is a D-space.
Monotone normality was the property motivating all the other monotone covering properties. A space X is monotonically
normal [18] if there is a function G which assigns to each ordered pair (H, K ) of disjoint closed subsets of X an open set
G(H, K ) such that: (1) H ⊂ G(H, K ) ⊂ G(H, K ) ⊂ X \ K ; (2) if (H ′, K ′) is a pair of disjoint closed subsets having H ⊂ H ′ and
K ⊃ K ′ , then G(H, K ) ⊂ G(H ′, K ′). A topological space X is monotonically Lindelöf [3] if for each open cover U of X there
is a countable open cover r(U) of X that reﬁnes U and has the property that if an open cover U reﬁnes an open cover V ,
then r(U) reﬁnes r(V). Some properties of monotonically Lindelöf can be found in [3] and [14]. For two collections U and
V of subsets of a space X , we write U ≺ V to mean that for each U ∈ U there is some V ∈ V with U ⊂ V .
In [24] and [4], the concepts of monotonically countably metacompact and monotonically metacompact were introduced.
A space X is monotonically (countably) metacompact if there is a function r that associates with each (countable) open
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covers with U ≺ V then r(U) ≺ r(V) [24,4]. In [12], Good, Knight and Stares have given another deﬁnition of monotone
countable metacompactness property. In [4], it was pointed out that the Good–Knight–Stares and Popvassilev deﬁnitions
of monotone countable metacompactness are not equivalent, and neither implies the other. In this note, the deﬁnition
of monotone countably metacompactness is in the sense of Popvassilev. In [4], it was proved that if (X, τ ,<) is a GO-
space that is monotonically countably metacompact then (X, τ ) is hereditarily paracompact, and it was remarked that a
monotonically normal space that is monotonically countably metacompact must be paracompact. In [23], it was proved that
a monotonically normal space that is monotonically countably metacompact must be hereditarily paracompact. So ω1 + 1 is
not monotonically countably metacompact [24], hence monotone normal does not imply monotone countably metacompact.
We know that monotone metacompactness (meta-Lindelöfness) implies metacompactness (meta-Lindelöfness). So we would
like to know whether monotonically metacompact (meta-Lindelöf) regular spaces are D-spaces.
In the ﬁrst part of this note, we show that every monotonically (countably) metacompact space is hereditarily a D-space
and every monotonically meta-Lindelöf space is hereditarily dually σ -closed discrete. As a corollary, we show that if X is a
monotonically meta-Lindelöf (or monotonically (countably) metacompact) monotonically normal space then X is hereditarily
paracompact. This gives a positive answer to a question of H.R. Bennett, K.P. Hart and D.J. Lutzer in [4]. This question was
also answered by Peng and Li in [23].
Dow, Junnila and Pelant [9] introduced the notion of a thick cover. In [16] Guo and Junnila considered thickness prop-
erties related with D-spaces and raised the following question. Is every scattered partition of a hereditarily almost thickly
covered space almost thick? In the second part of this note, we show that every scattered partition of a hereditarily al-
most thickly covered space is almost thick. This answers the question of Guo and Junnila. As a corollary, we have that a
hereditarily almost thickly covered space is aD and linearly D .
In [25], it was proved that every monotonically monolithic space is hereditarily D . In [1], the notion of monotonically
κ-monolithic was introduced and its properties were discussed. The following question appears in [1]. Must every monoton-
ically ω-monolithic compact space be monotonically monolithic? In the second part of this note, we give a positive answer
to the question.
All the spaces in this note are assumed to be T1-spaces. The set of all positive integers is denoted by N and ω is N∪{0}.
In notation and terminology we will follow [7] and [10].
2. Monotone covering properties and D
Lemma 1. Let X be a monotonically countably metacompact regular space and let Y ⊂ X. If φ = {φ(y): y ∈ Y } is a neighborhood
assignment for Y , then there are open sets V y of Y such that y ∈ V y ⊂ V y ∩ Y ⊂ φ(y) for each y ∈ Y such that for any z ∈ Y and for
any Pz ⊂ Ez = {y: z ∈ V y} there is a ﬁnite subset Fz ⊂ Pz such that Pz ⊂⋃{φ(y): y ∈ Fz}.
Proof. Let r be a monotone countable metacompactness operator for X . For each y ∈ Y there is an open subset φ′(y) of X
such that φ′(y)∩Y = φ(y). Since the space X is regular, there is an open set V ′(y) of X such that y ∈ V ′(y) ⊂ V ′(y) ⊂ φ′(y).
If Uy = {φ′(y), X \ V ′(y)}, then Uy is an open cover of X and |Uy| < ω. Thus there is a point-ﬁnite open reﬁnement r(Uy)
of Uy . Let O y ∈ r(Uy) such that y ∈ O y . Thus O y ⊂ φ′(y). If V y = (O y ∩ V ′(y)) ∩ Y , then V y is an open subset of Y and
y ∈ V y ⊂ V y ∩ Y ⊂ φ(y).
Suppose there are some z ∈ Y and some Pz ⊂ Ez = {y: z ∈ V y} such that for any ﬁnite subset F ⊂ Pz the set Pz 
⊂ φ(F ).
Thus there is yn ∈ Pz for each n ∈ N such that yn ∈ Pz \⋃{φ(yi): i < n}. The cover U = {φ′(yn), X \ V ′(yn): n ∈ N} of
X is countable and Uyn ≺ U for each n ∈ N. Thus r(Uyn ) ≺ r(U). Since z ∈ V yn ⊂ O yn ⊂ φ′(yn), there is some Un ∈ r(U)
such that O yn ⊂ Un . Since Un ∈ r(U) and z ∈ Un for each n ∈ N, we have |{Un: n ∈ N}| < ω by point-ﬁnite property of
r(U). We denote {Un: n ∈ N} = {Li: i m} for some m ∈ N. For each i m there is some ki ∈ N such that Li ⊂ φ′(yki ) or
Li ⊂ X \ V ′(yki ). Since z ∈ Li and z ∈ V yki = (O yki ∩ V ′(yki )) ∩ Y ⊂ V ′(yki ), we have Li 
⊂ X \ V ′(yki ). Thus Li ⊂ φ′(yki ) for
each i m and hence {yn: n ∈ N} ⊂⋃{Un: n ∈ N} =⋃{Li: i m} ⊂⋃{φ′(yki ): i m}. Denote k = max{ki: i m}. Thus
yk+1 ∈⋃{φ(yn): n  k}. A contradiction. Thus for any z ∈ Y and for any Pz ⊂ Ez = {y: z ∈ V y} there is a ﬁnite subset
Fz ⊂ Pz such that Pz ⊂⋃{φ(y): y ∈ Fz}. 
Theorem 2. Let X be a topological space. If φ = {φ(x): x ∈ X} is a neighborhood assignment for X and there is an open subset Vx of
X such that x ∈ Vx ⊂ φ(x) for each x ∈ X and for any z ∈ X the set Ez = {x: z ∈ Vx} is covered by a countable family {Ezn: n ∈N} of
subsets of X such that for any open set U of X and for each n ∈N there is a countable closed discrete subspace Dzn ⊂ X \ U such that
Ezn \ U ⊂ φ(Dzn), then there is a closed discrete subspace D of X such that X =⋃{φ(d): d ∈ D}.
Proof. We can assume X = {xα: α < γ }, where γ is a cardinal. Suppose for each α < β < γ , we have chosen a countable
closed discrete subspace Dα satisfying the following conditions:
(1) xα ∈⋃{φ(Dη): η α};
(2)
⋃{Dη: η < α} is a closed discrete subspace of X ;
(3) Dα ∩ (⋃{φ(Dη): η < α}) = ∅;
(4) for any x ∈ X \⋃{φ(Dη): η α}, Vx ∩ (⋃{Dη: η α}) = ∅.
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⋃{Dα: α < β} and denote Uβ =⋃{φ(Dα): α < β}.
If β = δ + 1 for some ordinal δ, then D ′β = (
⋃{Dα: α < δ}) ∪ Dδ . By the condition (2) the set ⋃{Dα: α < δ} is closed
discrete and hence D ′β is closed discrete in X . So we assume that the ordinal β is a limit ordinal.
If x ∈ X \⋃{φ(Dα): α < β}, then Vx ∩ (⋃{Dα: α < η}) = ∅ for each η < β by the condition (4). So Vx ∩ (⋃{Dα: α <
β}) = ∅. If x ∈⋃{φ(Dα): α < β}, then there is some αx < β such that x ∈ φ(Dαx ) and x /∈ φ(Dη) for each η < αx . The set⋃{Dη: η < αx} is a closed discrete subspace of X by the condition (2). Since the set Dαx is closed discrete in X , there is an
open neighborhood Mx of x such that |Mx ∩ Dαx | 1. If Ox = (φ(Dαx ) ∩ (X \
⋃{Dη: η < αx})) ∩ Mx , then the set Ox is an
open neighborhood of x and |Ox ∩ D ′β | 1. Thus the set D ′β is a closed discrete subspace of X .
If xβ ∈ Uβ , then we let Dβ = ∅, otherwise we let A0 = {xβ} and let Exβ = {x: Vx ∩ A0 
= ∅}. Thus Exβ ⊂
⋃{Exβn: n ∈ N}
such that for any open set U of X and for each n ∈ N there is a countable closed discrete set Dxβn ⊂ X \ U such that
Exβn \ U ⊂ φ(Dxβn). Enumerate {Exβn: n ∈N} by prime numbers. So {Exβn: n ∈N} = {Ep: p is a prime number}.
If
⋃{Ep: p is a prime number} \ (φ(A0) ∪ Uβ) = ∅, then we let Dβ = A0. So we assume that ⋃{Ep: p is a prime
number} \ (φ(A0)∪Uβ) 
= ∅. Let p be the smallest prime number such that Ep \ (φ(A0)∪Uβ) 
= ∅. Thus there is a countable
closed discrete subspace A1 of X such that A1 ⊂ X \ (φ(A0) ∪ Uβ) and Ep \ (φ(A0) ∪ Uβ) ⊂ φ(A1). For each d ∈ A1 the set
Ed = {x: d ∈ Vx} ⊂⋃{Edn: n ∈ N} satisﬁes that for any open set U of X and for each n ∈ N there is a countable closed
discrete subspace Ddn of X such that Ddn ⊂ X \ U and Edn \ U ⊂ φ(Ddn). Since |A1|ω, {Edn: n ∈N,d ∈ A1} \ {Exβn: n ∈N}
is a countable family. Enumerate {Edn: n ∈N, d ∈ A1} \ {Exβn: n ∈N} by square of prime numbers.
Suppose we have m steps. We have a countable closed discrete subspace Ai of X and {Edn: d ∈ Ai, n ∈ N} \ {Ed′n: d′ ∈
A j, n ∈ N, j < i} is enumerated by the (i + 1)-st powers of prime numbers for each 0 i m, where for each d ∈ Ai the
set Ed = {x: d ∈ Vx} ⊂⋃{Edn: n ∈ N} such that for any open set U of X and for each n ∈ N there is a countable closed
discrete subspace Ddn of X such that Ddn ⊂ X \ U and Edn \ U ⊂ φ(Ddn).
If
⋃{Edn: d ∈ Ai, n ∈N, 0 i m} ⊂ (⋃{φ(Ai): 0 i m}) ∪ Uβ , then we let Dβ =⋃{Ai: 0 i m} and hence Dβ is
a countable closed discrete subspace of X .
In what follows, we assume that
⋃{Edn: d ∈ Ai, n ∈ N, 0 i m} 
⊂ (⋃{φ(Ai): 0 i m}) ∪ Uβ . For each 0 i m,
for each d ∈ Ai , and for each n ∈N, there is some 1 j m + 1 and a prime number p such that Edn = Ep j . So we choose
the ﬁrst member Ep j of {Edn: d ∈ Ai, n ∈ N, 0  i m} such that Ep j 
⊂ ((
⋃{φ(Ai): 0  i m}) ∪ Uβ). Thus there is a
countable closed discrete subspace Dp j of X such that Dp j ⊂ X \ ((
⋃{φ(Ai): 0 i m}) ∪ Uβ) and Ep j \ ((
⋃{φ(Ai): 0
i m}) ∪ Uβ) ⊂ φ(Dp j ).
We let Am+1 = Dp j . The set Am+1 is countable and for each d ∈ Am+1 the set Ed = {x: d ∈ Vx} ⊂
⋃{Edn: n ∈N} such that
for any open set U of X and for each n ∈ N there is a countable closed discrete subspace Ddn of X such that Ddn ⊂ X \ U
and Edn \ U ⊂ φ(Ddn). Enumerate {Edn: d ∈ Am+1, n ∈N} \ {Ed′n: d′ ∈ Ai, n ∈N, 0 i m} by (m + 2)-st powers of prime
numbers. So we get Dβ =⋃{Ai: i ∈ ω}.
Let us show that the set Dβ is a countable closed discrete subspace of X . It is obvious |Dβ |ω. If y ∈ Uβ ∪φ(Dβ), then
it is obvious that there is an open neighborhood O y of y such that |O y ∩ Dβ |  1. So we assume y ∈ X \ (Uβ ∪ φ(Dβ)).
If V y ∩ Dβ 
= ∅, then there is a minimal m ∈ ω such that V y ∩ Am 
= ∅. Thus there is some d ∈ Am such that d ∈ V y . So
y ∈ Ed = {x: d ∈ Vx} ⊂⋃{Edn: n ∈ N}. Thus there is some n ∈ N such that y ∈ Edn . We can assume that Edn 
= Ed′ j for
each d′ ∈ Ai , for each i <m, and for each j ∈N. Thus there is some prime number p such that Edn = Epm+1 . There is some
n′ ∈ N such that 2n′ > pm+1. The set {qi: qi < pm+1, i  n′ and q is a prime number} is a ﬁnite set. There is some n > n′
such that l = min{s: Es 
⊂⋃({φ(Ai): 0 i  n}) ∪ Uβ} pm+1. If l > pm+1, then Epm+1 ⊂
⋃
({φ(Ai): 0 i  n}) ∪ Uβ . Thus
y ∈ (⋃{φ(Ai): 0 i  n}) ∪ Uβ . If l = qm , then the set Epm+1 \ (
⋃{φ(Ai): 0 i  n}) ∪ Uβ 
= ∅ and Epm+1 \ (
⋃{φ(Ai): 0
i  n}) ∪ Uβ ⊂ φ(An+1). Thus the point y ∈ Uβ ∪ (⋃{φ(Ai): 0 i  n + 1}) and hence y /∈⋃{Am: m > n+ 1}. Thus we can
get an open neighborhood O y of y such that |O y ∩ Dβ | 1. So Dβ is a closed discrete subspace of X .
By the above proof, we can see that V y ∩ Dβ = ∅ if y ∈ X \ φ(Dβ).
Thus we have a closed discrete subspace Dα for each α < κ such that
⋃{Dβ : β < α} is closed and Dα ⊂ X \⋃{φ(Dβ): β < α} for each α < κ and X =⋃{φ(d): d ∈ D}, where D =⋃{Dα: α < κ}. We can see that the set D is
closed discrete in X . 
By Lemma 1 and Theorem 2, we can get the following theorem.
Theorem 3. If X is a monotonically countably metacompact regular space, then X is hereditarily a D-space.
Corollary 4. If X is a monotonically metacompact regular space, then X is hereditarily a D-space.
By Theorem 2 and a short proof we can get Lemma 25 in [22].
Proposition 5. ([22, Lemma 25]) If X has a point-countable open cover V such that V is Lindelöf D for each V ∈ V , then X is a
D-space.
Proof. Let φ be any neighborhood assignment for X . For each x ∈ X there is some V ′x ∈ V such that x ∈ V ′x . If Vx = V ′x∩φ(x),
then x ∈ Vx ⊂ φ(x). For any z ∈ X we denote Ez = {x: z ∈ Vx}. Thus Ez ⊂⋃{V : z ∈ V , V ∈ V} ⊂⋃{V : z ∈ V , V ∈ V}. Since
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satisﬁed. Thus there is a closed discrete subspace D of X such that X = φ(D) by Theorem 2, hence X is a D-space. 
A space X is called locally Lindelöf D if every point x of X has a neighborhood Vx which is a Lindelöf D-space.
Corollary 6. If X is regular meta-Lindelöf locally Lindelöf D, then X is D.
A space X is monotonically normal if there is a function G which assigns to each ordered pair (H, K ) of disjoint closed
subsets of X an open set G(H, K ) such that:
(1) H ⊂ G(H, K ) ⊂ G(H, K ) ⊂ X \ K ;
(2) if (H ′, K ′) is a pair of disjoint closed subsets having H ⊂ H ′ and K ⊃ K ′ , then G(H, K ) ⊂ G(H ′, K ′) [18].
Lemma 7. ([5]) A space X is monotonically normal if and only if for each open set U ⊂ X and x ∈ U , one can assign an open set Ux
containing x satisfying the following condition: Ux ∩ V y 
= ∅ implies x ∈ V or y ∈ U .
Proposition 8. ([6]) If X is a monotonically normal D-space, then X is paracompact.
By Theorem 3 and Proposition 8, we have the following corollary.
Corollary 9. ([23, Theorem 3]) Suppose X is a monotonically (countably)metacompact space that is monotonically normal. Then X is
hereditarily paracompact.
Lemma 10. ([23, Theorem 10]) Suppose X is a monotonically meta-Lindelöf regular space. Let Y ⊂ X, and for each y ∈ Y , let φ(y) be
an open neighborhood of y in X. Then there is an open neighborhood V y of y in X such that y ∈ V y ⊂ V y ⊂ φ(y) and satisﬁes that if
p ∈⋂{Vx: x ∈ Y ′} for some subset Y ′ ⊂ Y , then there is a countable subset Y ∗ ⊂ Y ′ such that Y ′ ⊂⋃{φ(y): y ∈ Y ∗}.
By Lemma 10, we can get the following corollary.
Corollary 11. Let X be a monotonically meta-Lindelöf regular space and let Y ⊂ X. If φ = {φ(y): y ∈ Y } is a neighborhood assignment
for the subspace Y of X (i.e. φ(y) is open in Y for each y ∈ Y ), then there is an open set V y of Y such that y ∈ V y ⊂ V y ∩ Y ⊂ φ(y)
for each y ∈ Y such that for any z ∈ Y and for any Pz ⊂ Ez = {y: z ∈ V y} there is a countable subset Fz ⊂ Pz such that Pz ⊂⋃{φ(y): y ∈ Fz}.
Theorem 12. Let X be a topological space. If φ = {φ(x): x ∈ X} is a neighborhood assignment for X and there is an open set Vx of X
such that x ∈ Vx ⊂ φ(x) for each x ∈ X such that for any z ∈ X for any open set U of X there is a countable subset Dz ⊂ X \ U such
that {x: z ∈ Vx} \ U ⊂⋃{φ(y): y ∈ Dz}, then there is a σ -closed discrete subspace D of X such that X =⋃{φ(d): d ∈ D}.
Proof. We can assume X = {xα: α < γ }, where γ is a cardinal. Suppose for each α < β < γ , we have chosen a countable
set Dα satisfying the following conditions:
(1) xα ∈⋃{φ(Dη): η α};
(2) Dα ∩ (⋃{φ(Dη): η < α}) = ∅;
(3) if x ∈ X \⋃{φ(Dη): η α}, then Vx ∩ (⋃{Dη: η α}) = ∅.
By the condition (3), we have
⋃{Dη: η α} ⊂⋃{φ(Dη): η α} for each α < β .
Denote D ′β =
⋃{Dα: α < β} and denote Uβ =⋃{φ(Dα): α < β}. In what follows, we show that D ′β ⊂ Uβ .
If β = δ+1 for some ordinal δ, then D ′β = (
⋃{Dα: α < δ})∪Dδ =⋃{Dα: α  δ}. By the condition (3), we have D ′β ⊂ Uβ .
Let β be a limit ordinal. If Vx ∩ D ′β 
= ∅, then there is some αx < β such that Vx ∩ Dαx 
= ∅. Thus x ∈
⋃{φ(Dη): η  αx}
by the condition (3). So D ′β ⊂ Uβ .
If xβ ∈ Uβ , then we let Dβ = ∅, otherwise we let A0 = {xβ} and let F0 = {x: Vx ∩ A0 
= ∅}. If F0 \ (φ(A0) ∪ Uβ) 
= ∅, then
there is a countable set A1 of X such that A1 ⊂ X \ (φ(A0) ∪ Uβ) and F0 \ (φ(A0) ∪ Uβ) ⊂ φ(A1). Let m ∈ ω \ {0}. Assume
we have a countable set An for each nm such that An ⊂ X \ ((⋃{φ(Ai): i < n})∪Uβ) and if Vx ∩ (⋃{Ai: i < n}) 
= ∅ then
x ∈ (⋃{φ(Ai): i  n})∪Uβ . Denote Fm = {x: Vx∩ Am 
= ∅}. Since Am is countable and for each d ∈ Am there is a countable set
Md such that Md ⊂ X \ (Uβ ∪ (⋃{φ(Ai): i m})) and {x: d ∈ Vx} \ (Uβ ∪ (⋃{φ(Ai): i m})) ⊂⋃{φ(x): x ∈ Md}, we denote
Am+1 =⋃{Md: d ∈ Am}. Thus |Am+1| ω and Am+1 ⊂ X \ (Uβ ∪ (⋃{φ(Ai): i m})) such that Fm \ (Uβ ∪ (⋃{φ(Ai): i 
m})) ⊂ φ(Am+1). We let Dβ =⋃{An: n ∈ ω}. If x /∈ Uβ ∪ φ(Dβ), then Vx ∩ (D ′ ∪ Dβ) = ∅.β
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β}) = ∅. Thus ⋃{Dα: α  β} ⊂⋃{φ(Dα): α  β}.
For each x ∈ X there is a minimal ordinal αx such that x ∈ φ(Dαx ). Thus x /∈
⋃{φ(Dη): η < αx} and hence
Vx ∩ (⋃{Dη: η < αx}) = ∅. Thus |{α: Dα ∩ (Vx ∩ φ(Dαx )) 
= ∅}|  1. So the family {Dα: α < κ} is a discrete family of
countable subsets of X . Thus the set D =⋃{Dα: α < κ} is σ -closed discrete and X =⋃{φ(d): d ∈ D}. 
A space X is called a Dσ -space if for any neighborhood assignment φ for X there exists a σ -closed discrete subspace
D of X such that X =⋃{φ(d): d ∈ D} [21]. In [19], van Mill, Tkachuk, and Wilson developed ideas related to D-spaces
by deﬁning for a topological property P , a space X to be dually P if for each neighborhood assignment φ = {φ(x): x ∈ X}
for X , there is a subspace Y ⊂ X with property P such that X =⋃{φ(x): x ∈ Y }. So a Dσ -space is also called a dually
σ -closed discrete space in this note. A collection V of subsets of a space X is said to be cushioned in a collection U of subsets
of X if there exists a function T : V → U such that for any W ⊂ V , we have ⋃{W : W ∈W} ⊂⋃{T (W ): W ∈W} [7]. If a
family V =⋃{Vn: n ∈N} and Vn is cushioned in U for each n ∈N, then the family V is called σ -cushioned in U [7].
By Corollary 11 and Theorem 12, we have the following theorem.
Theorem 13. If X is a monotonically meta-Lindelöf regular space, then X is hereditarily dually σ -closed discrete.
Proposition 14. ([7, Theorem 2.3]) Let X be a regular space. X is paracompact if and only if every open cover of X has a σ -cushioned
open reﬁnement.
Lemma 15. Let X be a monotonically normal space. If X is a Dσ -space, then X is paracompact.
Proof. Let U be any open cover of X . For each x ∈ X there is some φ(x) ∈ U such that x ∈ φ(x). Since X is a monotonically
normal space, there is an open neighborhood Vx of x such that x ∈ Vx ⊂ φ(x) for each x ∈ X satisfying that Vx ∩ V y 
= ∅
implies x ∈ φ(y) or y ∈ φ(x) by Lemma 7. Thus φ′ = {Vx: x ∈ X} is a neighborhood assignment for X . Since the space X is
a Dσ -space, there is a σ -closed discrete subset D ⊂ X such that X =⋃{Vx: x ∈ D}, where D =⋃{Dn: n ∈ N} and Dn is
closed discrete for each n ∈N. For any Fn ⊂ Dn and for any y ∈ X \ φ(Fn) the set U = X \ Fn is an open neighborhood of y.
Since y /∈ φ(x) and x /∈ U for each x ∈ Fn , the set U y ∩ Vx = ∅ for each x ∈ Fn . Thus ⋃{Vx: x ∈ Fn} ⊂ φ(Fn). So {Vx: x ∈ D}
is a σ -cushioned open reﬁnement of U . Thus X is paracompact. 
By Theorem 13 and Lemma 15 we have the following corollary.
Corollary 16. ([23, Theorem 5]) Suppose X is a monotonically normal space that is monotonically meta-Lindelöf. Then X is hereditarily
paracompact.
The space ω1 is monotonically normal, but not a D-space and not a Dσ -space. So by Theorems 3 and 13 we have the
following corollaries.
Corollary 17. ([24]) ω1 + 1 is not monotonically countably metacompact.
Corollary 18. ([3, Example 2.3]) ω1 + 1 is not monotonically Lindelöf.
Corollary 19. ([11, Proposition 2]) ω1 + 1 is not monotonically meta-Lindelöf.
3. Answers to two questions
In [16], Guo and Junnila considered thickness properties related with D-spaces. In [16], there is a question which relates
to an almost thick cover. In what follows, we will discuss the question.
If X is a space and A ⊂ X , then we denote [A]<ω = {F : F ⊂ A and |F | < ω}.
A cover L of a space X is thick if we can assign LH ∈ [L]<ω and LH =⋃LH to each H ∈ [X]<ω in such a way that
A ⊂⋃{LH : H ∈ [A]<ω} for every A ⊂ X [9]. A space X is thickly covered if every open cover of X is thick [9]. A cover L of a
space X is almost thick provided that we can assign LH ∈ [L]<ω and LH =⋃LH to each H ∈ [X]<ω so that for every non-
closed subset A ⊂ X , there exists H ∈ [A]<ω such that LH ∩ (A \ A) 
= ∅ [16]. A space is almost thickly covered if every open
cover of the space is almost thick [16]. A partition N of a space X is scattered provided that we can write N = {Nα: α < λ}
for some ordinal λ so that, for each β < λ, the set
⋃
α<β Nα is open in X [26].
Proposition 20. ([16, Proposition 3.6]) A space X is hereditarily thickly covered if and only if every scattered partition of the space is
thick.
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Is every scattered partition of a hereditarily almost thickly covered space almost thick [16, Problem 3.7]?
Is a hereditarily almost thickly covered space an aD and linearly D [16, Problem 3.9]?
A space X is aD provided that, for every open cover V of X and for each closed subset F of X , there exists a closed
discrete set D ⊂ F , and for every x ∈ D there is a set Vx ∈ V such that x ∈ Vx and {Vx: x ∈ D} covers F [2]. A space X
linearly D provided that for every monotone open cover U of X , if X /∈ U , then there exists a closed discrete set D ⊂ X such
that D is not contained in any member of U [17].
In [16], Guo and Junnila pointed out that a positive solution to the ﬁrst problem would yield a positive solution to the
second problem. So we will give an answer to the ﬁrst problem. The proof of the following theorem is similar to the second
part of the proof of Proposition 3.6 in [16].
Theorem 21. Every scattered partition of a hereditarily almost thickly covered space is almost thick.
Proof. Let X be a hereditarily almost thickly covered space. We use transﬁnite induction on the ordinal μ to show that,
for every monotone family G = {Gα: α < μ} of open subsets of X , the family {Gα \⋃β<α Gβ : α < μ} is an almost thick
partition of the subspace
⋃G of X . The result is true if μ is a ﬁnite ordinal.
Let λ be an ordinal such that the result holds for each μ < λ.
To prove the result for λ. We can assume λω.
Let G = {Gα: α < λ} be a monotone family of open subsets of X . Denote Z =⋃G =⋃{Gα: α < λ}. The subspace Z of X
is an almost thickly covered space. Thus for each ﬁnite subset H ⊂ Z , we can assign an ordinal αH < λ such that H ⊂ GαH
and if A ⊂ Z is not closed in Z , then there are some x ∈ (A ∩ Z) \ A and some H ⊂ A, |H| < ω such that x ∈ GαH . If K ⊂ Z
and K is ﬁnite, then we can let α∗K = max{αH : H ⊂ K }. Thus α∗K1  α∗K2 if K1 ⊂ K2 and K2 is ﬁnite. If A ⊂ Z is not closed
in Z , then there are some x ∈ (A ∩ Z) \ A and some H ⊂ A, |H| < ω such that x ∈ GαH ⊂ Gα∗H . So we can assume that
αH  αK < λ if H ⊂ K .
For any ﬁnite set K ⊂ Z and for any H ⊂ K , we have αK and αH . By induction, the partition {Sα: α < αH } is an almost
thick cover of
⋃{Sα: α < αH }, where Sα = Gα \⋃{Gβ : β < α} for each α < αH . For each ﬁnite L ⊂⋃{Sα: α < αH }, we
assign a ﬁnite set EαHL ⊂ αH such that if B ⊂
⋃{Sα: α < αH } and B is not closed in ⋃{Sα: α < αH }, then there are some
ﬁnite set L ⊂ B and some x ∈ (B \ B) ∩ (⋃{Sα: α < αH }) such that x ∈⋃{Sα: α ∈ EαHL }.
We denote FK = {αK } ∪ (⋃{EαHL : H ⊂ K and L ⊂ (
⋃{Sα: α < αH }) ∩ K }) for each ﬁnite set K ⊂ Z . Thus the set FK
is ﬁnite and FK ⊂ λ. Let A ⊂ Z and let A be not closed in Z . Since X is a hereditarily almost thickly covered space, the
open cover {Gα: α < λ} of Z is almost thick. Thus there are some K ⊂ A, |K | < ω and some x ∈ ((A ∩ Z) \ A) such that
x ∈ GαK . Since αK ∈ FK , we have x ∈
⋃{Sα: α ∈ FK } if x ∈ SαK . So we assume that x /∈ SαK . Then x ∈
⋃{Sα: α < αK } =⋃{Gα: α < αK } = Ox ⊂ Z . The set Ox is open. So x ∈ (Ox ∩ Ox ∩ A) \ (Ox ∩ A). Thus the set Ox ∩ A is not closed in Ox .
The partition {Sα: α < αK } of Ox is almost thick by induction. Thus there are some y ∈ (Ox ∩ Ox ∩ A) \ (Ox ∩ A) and some
ﬁnite L ⊂ Ox ∩ A such that y ∈⋃{Sα: α ∈ EαKL }, where EαKL is ﬁnite. Denote K ′ = K ∪ L, thus |K ′| < ω and K ′ ⊂ A. Thus
K ⊂ K ′ , L ⊂ (⋃{Sα: α < αK }) ∩ K ′ such that y ∈⋃{Sα: α ∈ EαKL }. So y ∈
⋃{Sα: α ∈ FK ′ }. Thus the partition {Sα: α < λ}
is almost thick. 
By Theorem 21 and a proof which is similar to the proof of Proposition 3.8 in [16], we can get the following theorem.
This was also pointed out by Guo and Junnila in [16].
Theorem 22. A hereditarily almost thickly covered space is aD and linearly D.
In [25], it was proved that every monotonically monolithic space is hereditarily D . In [1], the notion of monotonically
κ-monolithic was introduced and its properties were discussed. The following question appears in [1]. Must every mono-
tonically ω-monolithic compact space be monotonically monolithic? In what follows, we give a positive answer to the
question.
Firstly, let’s recall some notions.
A space X is monotonically monolithic [25] if one can assign to each A ⊂ X a collection N (A) of subsets of X such that
(1) |N (A)| |A| + ω;
(2) A ⊂ B ⇒N (A) ⊂N (B);
(3) if {Aα: α < δ} is an increasing collection of subsets of X , and A =⋃{Aα: α < δ}, then N (A) =⋃{N (Aα): α < δ};
(4) if U is open and x ∈ A ∩ U , then there is some B ∈N (A) with x ∈ B ⊂ U .
We call N a monotonically monolithic operator for X .
Further, for an inﬁnite cardinal κ , X is said to be monotonically κ-monolithic [1] if N (A) is deﬁned for all sets A with
|A| κ and satisﬁes the above conditions.
Condition (4) can be rephrased by declaring that N (A) contains a network at every point of A, i.e. if x ∈ A and U is an
open neighborhood of x, then there is some B ∈N (A) such that x ∈ B ⊂ U [15].
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Lemma 23. ([15, Theorem 3.2]) A space X is monotonically monolithic if and only if one can assign to each ﬁnite subset F of X a
countable collectionN (F ) of subsets of X such that, for A ⊂ X,⋃F∈[A]<ω N (F ) contains a network at each point of A.
Theorem 24. A space X is monotonically ω-monolithic if and only if one can assign to each ﬁnite subset F of X a countable collection
N (F ) of subsets of X such that, for every countable set A ⊂ X,⋃F∈[A]<ω N (F ) contains a network at each point of A.
Proof. “⇐” If one can assign to each ﬁnite subset F of X a countable collection N (F ) of subsets of X such that⋃
F∈[A]<ω N (F ) contains a network at each point of A for every countable subset A of X , then we denote N ′(A) =⋃
F∈[A]<ω N (F ) for every countable subset A of X . Thus the operator N ′ is a monotonically ω-monolithic operator for X .
“⇒” Let X be monotonically ω-monolithic and let N be a monotonically ω-monolithic operator for X . If F ⊂ X and
|F | < ω, then N (F ) is a countable family of subsets of X . We show that ⋃F∈[A]<ω N (F ) contains a network at each point
of A for every countable subset A of X .
Let A ⊂ X with |A|ω. If x ∈ A and U is an open neighborhood of x, then there is some B ∈N (A) such that x ∈ B ⊂ U .
Denote A = {xn: n ∈ N} =⋃{An: n ∈ N}, where An = {xi: 1  i  n}. Thus N (A) =⋃{N (An): n ∈ N}. So there is some
n ∈N such that B ∈N (An), hence ⋃F∈[A]<ω N (F ) contains a network at each point of A. 
Recall that if for any A ⊂ X and for any x ∈ A there is a countable set C ⊂ A such that x ∈ C then the space X is said to
have countable tightness. Denoted it by t(X)ω. If |C | κ and κ ω in the above deﬁnition, then we say that t(X) κ .
We know that if X has Fréchet–Urysohn property then t(X)ω.
Theorem 25. If X is a monotonically ω-monolithic space with t(X)ω, then X is monotonically monolithic.
Proof. Since X is a monotonically ω-monolithic space, one can assign to each ﬁnite subset F of X a countable collection
N (F ) of subsets of X such that, for every countable set A ⊂ X , ⋃F∈[A]<ω N (F ) contains a network at each point of A by
Theorem 24.
Now let A be any subset of X , we denote N ′(A) =⋃F∈[A]<ω N (F ). To prove that X is monotonically monolithic, we
just need to prove N ′(A) contains a network at every point x of A by Lemma 23. Since t(X)  ω, there is a countable
subset C ⊂ A such that x ∈ C if x ∈ A. The set C is countable, thus ⋃F∈[C]<ω N (F ) contains a network at each point
of C . If U is an open neighborhood of x, then there is some F1 ∈ [C]<ω and some B ∈ N (F1) such that x ∈ B ⊂ U . So
B ∈⋃F∈[A]<ω N (F ) =N ′(A). Thus N ′(A) contains a network at every point of A. Thus X is monotonically monolithic by
Lemma 23. 
Lemma 26. ([1, Corollary 2.24]) If a countably compact space X is monotonically ω-monolithic, then X is compact and has the
Fréchet–Urysohn property.
By Theorem 25 and Lemma 26, we have:
Theorem 27. If a countably compact space X is monotonically ω-monolithic, then X is a compact monotonically monolithic space.
Theorem 27 gives a positive answer to Problem 3.3 in [1].
Corollary 28. Every compact monotonically ω-monolithic space is monotonically monolithic.
Similar to Theorem 24, we have:
Theorem 29. A space X is monotonically κ-monolithic if and only if one can assign to each ﬁnite subset F of X a countable collection
N (F ) of subsets of X such that, for every subset A ⊂ X with |A| κ ,⋃F∈[A]<ω N (F ) contains a network at each point of A.
Proof. “⇐” It is similar to the proof of the ﬁrst part of Theorem 24.
“⇒” Let X be monotonically κ-monolithic and let N be a monotonically κ-monolithic operator for X . If F ⊂ X and
|F | < ω, then N (F ) is a countable family of subsets of X . Let A ⊂ X and |A| κ . We show that ⋃F∈[A]<ω N (F ) contains
a network at each point of A. For any x ∈ A and for any open neighborhood U of x there is some B ∈ N (A) such that
x ∈ B ⊂ U . Denote γ = min{α: there is a subset Aα ⊂ A such that |Aα | = α and B ∈N (Aα)}. We can see that γ < ω. Thus⋃
F∈[A]<ω N (F ) contains a network at each point of A. 
Similar to Theorem 25, we have:
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lithic.
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